Let I'ZG (respectively, VQG) denote the group of units of augmentation I in the integral (respectively, rational) group ring of a finite group G. It has been conjectured [H. Zassenhaus, is rr, = (c -l)([j -1) ..a (<'"-I -1). We recall that o/no = Z/pZ = o~/~~ oo. We put and for any q x q matrix T,
-'TL7* Let X denote the subgroup of GL,(o,) consisting of matrices X which satisfy the congruence We shall prove in this section that (i) The group VQG is the semidirect product of GL,(k,) and V, the action of ?Y on GL, (k,) being given by Xw = J,XJ,', WE V, X E GL,(k,).
(ii) The subgroup VZG of VQG consists of pairs (X, U) with X in 2% and U in P (see Theorem 1.6). is a homomorphism of QG onto AT'. Let C denote the cyclic group generated by r, and let N (respectively, L) be the kernel of the homomorphism VZG -+ VZC (respectively, VQG + VQC) which maps the unit a(o, r) to a( 1, r); an element a of KZG (respectively, VQG) is in N (respectively, L) if and only if a,(l)= l,a,(l)=O )...) a,-,(l)=O.
Finally it is clear that VZG (respectively, VQG) is the semidirect product of N and VZC (respectively, L and VQC). ) and let B be its inverse; let @o,/?,,...,/3g-l) be the first row of B.
Write (uniquely)
where the a,(X) are polynomials of degree <p -1 with rational coefficients such that a,(l)= 1,
and form the element
We similarly form the element
We notice that in case A is in J'" (and hence also B), we have 
i=l and 6 = 6(7c) = (n -fp (71))(7r -f/l'(n)) * *. (72 -tp-'(n)).
(41 Since X -K E X mod rt, we have NkIkO(X -n) E X4 mod 7c0, and hence on comparing coefficients, 6, En, 6, E x2 ,..., ii,-, = TF' mod no.
One checks easily that the matrix n has the inverse here, for the sake of symmetry, we have put 6, = 1. LEMMA 1.2. The conjugation A E+ n-'AI7 is an isomorphism of d with the ring of all q x q matrices with entries from k,.
Proof: For any matrix M with entries from k, we shall denote by q(M) the matrix obtained from M by applying the automorphism cp to its entries.
Let P be the circulant of order q with first row (0, 1, O,..., 0); then p(n) = PII, #7-') = Zi-'P-l, and hence for a matrix A with entries in k, ZF'AIZ has entries in k, if and only if q(A) = PAP-'. One checks easily that this amounts to saying that A is in &. (X E GL,(k,), WE 23').
The subgroup VZG of VQG consists of pairs (X, U) with X in .S:' and U in 7/; in particular VZG is the semidirect product of .g and 7/ with the action as given above. From now on we shall write the pair (X, W) as XW, there is no danger of confusion with the usual product of the two matrices X and W.
TORSION ELEMENTS OF VZG
For any matrix X with entries in O, we shall denote by X the matrix obtained from X on reducing its entries mod rc,,; thus 2 has entries in ~_o/q, o0 = GF(p). If X E %, then the characteristic polynomial (T -1)" of X divides Tp -1 = (T -l)p, and hence Xp = 1. LEMMA 2.1. Each torsion element X of ST is of order a power of p.
Proof
It suffices to prove that the order n of every torsion element X # 1 of % is divisible by p. If x# 1, then x has order p and hence X has order a multiple of p. Suppose then that X= 1 and write x=1+7@ where t > 1, B has entries in o0 and B f 0 mod rq,, i.e., at least one entry of B is not divisible by rc,,. We have Proof. Suppose that X has order p' with ,u > 1; then
and hence by Lemma 2.2 Xp"-' = 1, which is obviously not possible.
Let U E % and let u be the corresponding element of VZC; by a result of Higman [4] U is of finite order if and only if u = r', in which case the order of U is i = q/(q, r).
We now consider torsion elements XV, Uf 1, of the semidirect porduct of Z and %/; since the components of (XU)" in X and Z! are, respectively, Thus THEOREM 2.4. The unit XU, U# 1, is of finite order $ and only if U corresponds to 5', 1 < r < q -1 and the unit X't"f"'iL'A~' is of jkite order, which by Theorem 2.3 is then 1 or p; in that case XU is of order A or pA according as X1+"+ ' ' ' +'"-' has order 1 or p.
It is likely that the second case does not arise at all, but we are unable to prove it. We are, however, able to prove: THEOREM 2.5. Let U be the circulant corresponding to 7' with (q, r) = 1 (so that 3, = q). Suppose that XU is offinite order. Then X I+Ut...tU~-'~ 1 -.
and hence XU is of order q. COROLLARY 2.6. In case q is also a prime, all torsion elements +1 of VZG are of order p or q.
Proof of Theorem 2.5. In view of Theorem 2.4 and Lemma 2.2 it suffices to prove that X '+u+...+uq-'= lmodn,,
i.e., (XJIl)q E 1 mod rcO.
One checks as in the proof of Lemma 1.4 that the A-,U entry x.\,, in J,. is Since 6 is the different of the extension k/k,, , the entries of J, are in 0,. Thus (7) would follow as soon as we are able to prove that he reduction & of J,mod x0 is lower triangular with diagonal 1, jr,..., jCq-')", for then XJ,., being of the same type, would have characteristic polynomial
which, because of the assumption (q, r) = 1, is equal to Tq -1. Therefore it s&ices to prove the congruences
and By (5), a,-, _ r is divisible by x4-'\ '; moreover 6 is an associate of rcq ' ; it follows that for 1 < ,D, (l/S) 8q-A-l~r (?') is divisible by rc, and hence its trace xA, is divisible by 7~~. This proves (9).
Thus it only remains to prove (10). By (3) we have multiplying this equation by cp'(z") ret/6 and taking traces we obtain modulo 7c0 (notice that NkIk,(X -n) E X4 and 7c 6,-, = 0 mod n,,) and hence
Using these relations we obtain for 0 < I < q -2
The above relation is also true (trivially) for ,I = q -1. Thus in order to prove (10) we need to prove Tr ( 1 klko s cp'(lc') nqpApl i = jrA mod n,,
co<n<q-1)
Usmg the fact that Trklko (ci/S) = 0 for 0 < i < q -2, and = 1 for i = q -1, we obtain for all nonnegative integers v hence the left hand-side of (11) Proof of (1). Let X # 1 be a torsion element in Z. By Theorem 2.3, X is of order p, and hence its eigenvalues are pth roots of 1. If all the eigenvalues of X are 1, then X is conjugate and hence equal to the identity matrix (notice that X is of finite order). Thus X has an eigenvalue c" # 1. Since the entries of X are in k,, its eigenvalues are which are all distinct and in k; it follows that there exists a matrix M in GL,(k) such that so that M-'XM = Diag(c, [j',..., ci4-'s) = ~(a"), (km) -'X(MIz) = lpo(aS).
Thus X and u/Jo') are conjugate in G,!,,(k), and hence also in GL,(k,).
